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First : Final revision on algebra

The complex numbers

The imaginary number "i"

The imaginary number "i" is defined as the number whose square is — 1| i.e. i?=—1 ]

Notice that

sixi=i2=—1 of-2=12i>=Y2i Similarly:
el [~5={5i (=5=3i

fInteger powers of "i"

The remainder = 0 1™ =1 W
To find i™ where We find the remainder The remainder = 1 if =i
s 2 Ry ofm+4,if: The remainder = 2 e |
L The remainder = 3 T e
Y
For example :
°eil2=1 "because 12 = 4 = 3 and the remainder is 0"
i —_i "because 63 + 4 =15 and the remainder is 3"
0il0l _j "because 101 = 4 = 25 and the remainder is 1"
©i20—_1 "because 26 + 4 = 6 and the remainder is 2"
-12n+3 " . " 12n+3 . : "
°j wheren & Z"=—1 because TR 3 n and the remainder is 3
Remark

We can express the whole one by using the imaginary number to integer powers from the

multiples of the number 4 » and this helps in simplifying some imaginary numbers.

-20
Forexample:°—1—=—l—:i 00l =01y i®4=i3=_j
i19 i19

The complex number

The complex number is the number that can be written in the form : Z = a + bi
where a and b are two real numbers »i%=— 1

Examples for complex numbers : 13 -21 57 +Y51+—25 581 ,Vl_SaS i—4
28



Final Revision

Equality of two complex numbers

Two complex numbers are equal if and only if the two real parts are equal and the two j

imaginary parts are equal » and vice versa.

fZ,=-5+Xi>Z,=y+{3iandZ, =7, stheny=—5 , x=13

Adding and subtracting complex numbers

When adding and subtracting two complex numbers » we add or subtract real parts
together and add or subtract imaginary parts together.

Forexample:0(4+5i)+(—2—3i)=(4—2)+(5—3)i=2+2i
° (26—4i)—(9—20i)=(26—9)+(—4+20)i= 17+161i
Multiplying complex numbeT’s.
We use the same properties of multiplying algebraic expressions and multiplying by j

inspection which we have studied before.

For example : ©2i(1-31)=21-6i2 (where i2=—1)=6+2 i

3!

*(3-5i)(2 +i)=6-7i-5i%(wherei?=—=1)=11-7i
101
—-101

©(4-i)’=16-8i+i2 (wherei’=~ 1) Bemember that )
bl (azb)*=a’+2ab+b?

*(5-31)(5+31)=25-9i%(wherei’=—1) (@memberthat )
=25+9=34 (a+b) (a-b)=a>-b?

The two conjugate numbers

The two numbers a + biand a—b i are called conjugate numbers and we notice that the
complex number and its conjugate differ only in the sign of their imaginary parts s and
their sum is a real number and their product is a real number.

For example :
® The two numbers 3 + 4 i and 3 — 4 i are conjugate numbers > while the two numbers 2 i — 5
and 21+ 5 are not conjugate because the imaginary part in each of them has the same sign.
® The conjugate of the number 4iis—4i e The conjugate of the number 6 is 6
Remark

To simplify the fraction whose denominator is a complex number not real > we multiply its
two terms by the conjugate of denominator.

. : : 2 ) .
30+451i _ 30+45i % 1+2i_30+105i+901 =—60+1051=_12+21i

For example : 12§ = 1-7% 1+2i 2 2

29




The quadratic equation in one variable (Determining the type

of roots - Finding the solution set)

m Algebraic method

To determine the type of roots of the quadratic equation and find its solution setin R or in C
for each of the following equations algebraically :

eX2-2X-4=0

e4X+X%2+4=0

We will follow the following steps :

e2+X2=0

C Put the given equation on the torm . a X 2ibX+c=0

)

{

v

fnx2-2x—4=0 ]

fzx2+4x+4=0 ] [.ax2+2=0

ad

CFind the discriminant (b? - 4 ac) ]

v

.. The discriminant
=-22-41) %
=20

.. The discriminant

=@’ -4(1) @
=0

.. The discriminant

=>4
=-8

Determining the type of roots of the equation

S

i

v

v

.. The two roots are real
and different because
the discriminant is

.. The two roots are real

and equal because the
discriminant is zero.

.. The two roots are

complex and non real
because the discriminant

30

;

positive. is negative.
v
Finding the solution set by tactorization or the geueral formula J
o D e = e | it s e at vor ad)
{ V ; , \
Lot X2 +4X+4=0 | " X2+2=0
2x1 ’ 9 ) :
.. The two roots are S (X+2)7=0 S X=£-2=£Y21
1+45 ,1_«\/§ SABE=i ) . TheSS.inR=¢
.. The S.S.inR= - The 8.8.mR »the $.S.in C

{1+V—5_,1—\E}

~{-2}

={2i,-42i}




Final Revision

m Graphic method

To determine the type of roots of the quadratic equation and find the solution set for each
of the following equations graphically :

*X?-2X-3=0 *9+X2-6X=0
We will follow the following steps :

o 22 3iae siisn

LPut the given equation on the forin: a X2+ b X + ¢ =@

v Y )
L xz—zx-3=oj L X?-6X+9=0 j t-x%sx—s:oj
v
LW’rite the quadratic function f which is related by the equati@
s i T FER
v v _
tf(x)=x2—2x—a [ f(x)=x2-6x+97 f(oo=—x2+3x-a
v
Draw the curve of the function in a suitable interval from real
numbers where E :?— is in its middle

4 i _ -
(--‘_b=§=3 r-.i=—_3=1l
" 2a 2 O = 2
= [056] iys a suitable interval. | | . [-1, 4] is a suitable interval.
2/
9 oo [H X
: ¥
Se ' X _/j
~|_(l) 1234356 /»9
K i J il A )

l
LDetelminiug the type of roots of the equation]

—

The two roots are real and || The two roots are real and The two roots are
different because the curve equal because the curve complex and non real
intersects X-axis at two touches X-axis because the curve does
points.

not intersect X-axis.

|
Finding the solution set in I@

———

¢ v 3
tl‘heS.S.inR:{—lﬁﬂ LTheS.S.inR={3}j LTheS.S.in]R:@j
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The relation between the two roots of the equation :

( a X2 +b X+ c =0 and the coefficients of its terms

|
3 v

The sum of the two roots = ;ab— The product of the two roots = %

For example :

Equation of second degree | The sum of the two roots The product of the two roots

e2X24+5X-4=0 =005 )
2 2
-
©3X%2_-7X+3=0 % (One of the roots is the multiplicative
inverse of the other)
Zero
e5X2_7=0 (One of the roots is the additive %

inverse of the other)

I Forming the quadratic equation
m Forming the quadratic equation whose two roots are known

We find the sum of the two roots and their product » then the equation will be in the form :

X 2 — (the sum of the two roots) X + the product of the two roots = 0

For example :

If the two roots | then the sum of | the product of the Thus > the required
are the two roots is two roots is equation is

o S~ ~1 =l X2+X-12=0

x2-Bxi1-0

6
'%9% % 1 i.e.2
6X%2-13X+6=0
o 241,251 4 5 =40+ 5 =0
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Final Revision

m Forming a quadratic equation from another given quadratic equation

This method is used if finding the two roots of the given equation is easy.

For example :
If L and M are the two roots of the equation : X2 — X — 6 = 0 where L > M
» form the quadratic equation whose roots are : L —2 » M2 + 1
a We find the two roots of the given equation L and M :
" X2-X-6=0 L (X=3)(X+2)=0
S L=3,M=-2
e We find the two roots of the required equation D and E :
eD=L-2=3-2=11
e E=M?*+1=(-22+1=15
e We form the required equation :

© 962 1 ginestap

(Second methodj

This method is used if we can find "D + E" 5 "DE" of the required equation in terms of

"L+ M" , "LM" of the given equation by one of the following identities :

QL M =0L+M?>-2LM © C-M’=L+M?-4LM

OL+M =L +M [L+M’-3LM] | @L* - M= @L-M) [L+M)?-LM]

... LM L M_L’+M _ @L+M>?-21M
M L LM M " L. ¢ EME, & LM

For example :
If L and M are the two roots of the equation : X2 -3 X +1 =0

’ I M
» form the equation whose roots are : D = M B

E

(e:r‘)\e)._.i/;,\/(CJUL’L:AYUULQ.Jla.n.?t.U)QUdCJL_-JLg))uMl 33



Final Revision

The sign of the function

The sign of the constant function

The sign of the constant function f : f (X)) =c>cER"is the same sign of ¢ for all values J
of XE R

For example :

e The sign of the function f : f (X) =—7 is negative for all values of X € R
® The sign of the function f : f (X) =2 is positive for all values of X € R

The sign of the first degree function (linea; function)

To determine the sign of the linear function fF:fX)=bX+csbz0
s we put f (X) =0 S~ bX+c=0 .'.X:‘TC
Then the sign of the function f :
o (2 (3
Is the same sign of b at Is opposite to the sign of b at JREY=t0kat
sl = = e
i * e B
And we illustrate this on the number line as in the figure :
X | ’ [
is opposite to is the same as
fix )’the ccif;ﬁc;entt of X @ the tl:oefﬂcient of X
Noai # oo S PR 0 | p/
For example :
Iff<fi(X)==3%+6 Put-3X+6=0 AERXA=1)
The sign of the function f :
0 © (3
Is negative at X > 2 Is positive at X < 2 1 09=0at:xi=2

And we illustrate this on the number line as in the figure :

Xl—oo @ 0
f()()|++++++&(5 ——————
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Algebra

( The sign of the second degree function (quadratic function)
To determine the sign of the quadratic function f : f (X)=a X 24bX+csaz0 \W
» we write the quadratic equation : a X 2 + b X + ¢ = 0 which is related by the function »
then do the following steps :
LWe find the discriminant : b” -4 ac , if :]
\
The discriminant The discriminant The discriminant
is positive =0 is negative
Then 5 the two roots Then > the two roots Then s the two roots 1
are real and different are real and equal are complex and
L-MsL<M s non real.
e f has the opposite of the e f has the same sign of 1 (e f has the same sign of|
sign of a for all aforall x€ R—{L} a for all values of
xe JL,.M[ o () =0atX=L XeR
e f(X) =0 for all
x€ {L,M}
e f has the same sign of
aforall XE R-[L »M]
- J

For example :

H:ef:f(0)=X2-4Xx+3
of: fOO=-%x*-2%x-1
e fif()=2X2-3X+5

> then we can determine the sign of each of the previous functions as the following :
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We write the quadratic equations which are related by the previous functions and

complete the steps as follows :

N

.

X?-4X+3=0 X2+2X+1=0 D 2L SloaRe IS0
7 D@ (A
- The discriminant -.> The discriminant - The discriminant
=(-42-4x1x3 =(2%-4x1x1=0 =(-3)-4x2x5
=4 (positive) =—31 (negative)

v

v

v

. The two roots are real and|
different and they are
3and 1

. The two roots are real and |
equal and each of them
equals — 1

.. The two roots are
complex and non real

. J

X |-°° 0

s o

X |- o

e A\

6 b

0

f(_x)l ++++4&)>—————<5-++++

e f is negative for all

f(x)|+++++++++ [,

e f is positive for all

XE]1, 3] XER-{-1} values of X ER

o £ (X) =0 for all R COEtiat et

xe{1,3}

e f is positive for all

XER-[1,3] \ b )

ok bkt h ookt
Fx)l

e f is positive for all

(" Remember the solving of the quadratic inequalities in IR

To find the solution set of the inequality : X*-5X+6>0inR:

We write the quadratic

@) function related by the |— @)

inequality.

We study the sign of
the quadratic function | —
which we wrote.

£z 00 = X250 36

-.> The discriminant
=(—52-4x1x%x6
= 1 (positive)

.. The two roots are real
and different

s (X=-2)(X-3)=0
=2 NE=13

ke
f(x)l ++++bo———-$++++

We determine the
@) intervals which satisfy
the inequality.

The solution set of the
inequality :

eSS 60
isR-[253]

2 3
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Second : Final revision on trigonometry

The directed angle

Definition of the directed angle

The directed angle is an ordered pair of two rays called the sides of the angle with
acommon starting point called the vertex.

For example :
The ordered pair ( OA ,OB ) represents the directed angle

£ AOB whose initial side is O_A) and terminal side is @)

Initial side A

LPositive and negative measures of a directed ang@

If the positive measure of the directed angle = 0
» then the negative measure of the same directed angle = 6 — 360°

For example :

The negative measure of the directed angle of measure 210° = 210° — 360° = — 150°
If the negative measure of the directed angle = — 0
» then the positive measure of the same directed angle = — 6 + 360°

For example :

The positive measure of the directed angle of measure (— 120°) = - 120° + 360° = 240°

LThe standard position of the directed anglej

A directed angle is in the standard position if the following two

conditions are satisfied : 50 X

o Its initial side lies on the positive direction of the X-axis.

e Its vertex is the origin point of an orthogonal coordinate plane.

[Equivalent angles]

Several directed angles in the standard position are said to be equivalent when they have one
common terminal side.

And we get equivalent angles to the angle whose measure is 0 by adding n 360° to it or
subtracting n 360° from it where n is an integer.
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Determining the quadrant in which the terminal side of the directed angle Z AOB whose
measure is 0 in the standard position lies :

[ We find o the
measure of the
smallest positive
equivalent angle
to the angle 6 »
then if :

aE]oo, 90°[ £ AOB lies in the first quadrant.
[05 €]90° 5 180°[ £ AOB lies in the second quadrant.

o E]180° , 270°[ £ AOB lies in the third quadrant.

a E]270° 5360°[ £ AOB lies in the fourth quadrant.

o E{0° ,90° ,180° £ AOB is called a quadrantal angle.
»270° 5360°}

' Radian measure and degree measure of an anglej

e The radian measure of a central angle in a circle =

ie. (.)rad= {

e The relation between the radian measure and the degree measure :

d 2 I s
and from it Gra =x" x|, x°=eadx&
180° TT

x° erad
180° T
Notice that

Length of the arc which the central angle subtends
Length of the radius of this circle

o andfromit[[zeradr}’t:eTéd’} {
r

erad I

JU in radians is equivalent to 180° in degrees.

The trigonometric functions of an acute angle and their reciprocals

—

: it
o sin § = OPPOsite  _
hypotenuse
R Y adjacent 4.
hypotenuse
AT opPosite L ¥
adjacent X

b/ 1
©,1) ocscezwz_
(x.Y) opposite y
L/
X SO eax
o| x
1,0 1,0) hypotenuse 1
) e sec = _L =—
adjacent X
©,-1)
¥ i 11
adjacent
R R L
opposite Yy
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Notice that

exe[-1,1] and from it cos 0 E[- 1 5 1]
ey&[-151] and fromitsin 0 E[-1 51]

e The equivalent angles have the same trigonometric functions.

I The signs of trigonometric functions

The interval that | sign of | signof | sign of h
Quadrant X
0 belongs to | cos ,sec | sin , ¢csc | tan , cot /
X<0,Y>0 X>0,Y>0
First ]0 i + + + sin, | The
2 csc | all are
X\ (+ve) | (+ve) X
Second ] .U [ -~ + PRy vy
cot sec
Third ]JE , ST [ L 1 (+ve) | (+ve)
2 X<0,Y<0 [~ X>0,Y<0
y\
Fourth 37T + o
\ ] > 92 TT [ J
Notice that

The trigonometric functions of the equivalent angles have the same sign.

. The trigonometric functions of some special angles

~

40

p 3 2 The values of the trigonometric
The measure | The point of the intersection of the :
) ! - g functions
of 6 terminal side with the unit circle I
sin 0 cos 6 tan 0
0° or 360° (1,0) 0 1 0
90° ©,1) 1 0 undefined
180° (i i6) 0 -1 0
270° (OLE -1 0 undefined
30° (X33 ) 1 13 il
Ei 2 2 V3
60° 1 i LE} 1 3
(3. ) > B i 12
1 1
1 1 L5 ) 1
45° 9 ——
; («/z bl V2 12




Final Revision

The relation between the trigonometric functions of two related angles

To know how to find the relations between the trigonometric functions of two related angles »
we will follow the following steps :

|

@

For example : @ For example :
We determine the quadrant in which the :
| cos(180°+0) 1 vontaaiiingaot § ‘ sin (90° + 0) ]
l (90° + 9) s (6) 9 l
(180° -0) (90° - 0)

(180° + ) lies in the i (180° 4 8) 5 270°49) » | | (90° + ) lies in the

third quadrant 270° — 0) (360° — 0) second quadrant

Y

|

The function of ) . The function of
cosine in the third || We put the sign of the given sine in the second
quadrant is negative trigonometric function according to the quadrant is positive
quadrant which is we determined.
(-ve) (+ve)

l

—D

In the case of angles
of measures 0

In the case of angles
of measures (90° — 0)

(180° —-06) » »(90° + 0)
f (180° + 0) » 5 (270° - 0) or \
| (360° —0) or (- 0)5 |[(270° + 0)

The function as it is
because the measure
of the angle is

(180° + 0)

the trigonometric
function is written
as it is and convert
the angle of any
form to 6

» the trigonometric
function is changed
as the following :

° sin === cos

e tan <= cot

°® CSC <= sec

and convert the
angle of any form
to 6

.. cos (180° + 0) = —cos 91

(V0 o &y [ (PLlally Al darl Ay OW Slol,y )lﬂl&:"

The functionlis
changed because
the measure of the
angle is (90° + 0)

. sin (90° + 0) = cos O
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For example :

Without using calculator, we can find :
o . o 2 TE > o 5 \T[; (<]
cos (— 150°) sin 600° + cos = sin 330° — sec (— i ) tan 900

= cos (210°) sin (360° + 240°) + cos 120° sin (360° — 30°) — sec 225° tan (180° + 2 x 360°)

= cos (180° +30°) sin (180° + 60°) + cos (180° — 60°) sin (360° — 30°) — sec (180° + 45°) tan 180°
v

@ird quadra@ [Third quadra@ [Second quadr@ @)urth quadr@ @hird quadranﬂ [Quadrantal angle]

= (- c0s8 30°) (- sin 60°) + (- cos 60°) (- sin 30°) — (- sec 45°) x 0

IENE

3 WO L p . 3
_TX2+2X2 0 4+

ll. =
a 1

Remark
If o and B are the measures of two complementary angles (i.e. Their sum is 90°)
sthensino=cosf§ » tana=cotP » seca=cscPs..

For example :
20° and 70° are measures of two complementary angles.
. sin 20° =cos 70° 5 tan 70° =cot 20° » ...

The general solution to solve the equations in the
form sin o= cos B or csc o = sec B or tan o = cot B

@ Ifsinc=cosP

sthen o = =90° + 360° n ie. 0Li[3=%+23‘l?n where n €7

i.e. The measure of angle of sine + the measure of angle of cosine = 90° + 360° n

@ Ifcsc o= sec B
sthen o+ B =90° + 360° n ie. aiB:%+23‘cn where n EZ
sENIT » B¢(2n+1)%

Qlftanoc=cot[3

s then o+ B =90°+180°n ie. oc+[3=%+3’lin wheren E7Z

,a¢(2n+l)% s B#nTw

and the following example expresses the previous :
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*Ifsin48=cos20,0€]0, X[ *Iftan30=cot20,0E]0, L[
.’.49129=%+2T6nanEZ T [ #368+20=T4+Tn,nEZ
) )
.'.29=%+2ﬂ?n 66:%—+2ﬂ?n 59=%+Tl3n
v -t Jigi= T gl
..6—4+J'l3n 9—12+3n .0 10+5r1
°eAtn=0 e Atn=0 e Atn=0
T T JU
L0 ="r=45° TO=—F=15° 0= =18°
.. 0 7 45 12 .0 10 18
eAtn=1 e Atn=1 °eAtn=1
.0_JU =T Sy e lIE R T BT e
._9_4.,.31; 12+3 75 .9_10+5—10—54
(refused) e Atn=2 e Atn=2
.= , 2T Tt 2w _1
O s 0L S
(refused) (refused)
‘ SIS SEH ORISR t 5 = 18° er 50 J

How to find the measure of an angle (6) given
the value of one of its trigonometric ratios (a)

Examples 4 1 cos9=_L1 g
Steps sin 6 = 5377 12 tan 0 = —'\/E
o We determine the The sine function is The cosine function | The tangent function is
quadrant in which 6 | negative. is positive. negative.
lies according to the | - 0 lies in the third .. 0 lies in the first .. 0 lies in the second
sign of a or the fourth or the fourth or the fourth
quadrant. quadrant. quadrant
eWeﬁndthemeasure sinoc=|—i|=l cosoc:]i|=—1— tanoc=|— 3|= 3
of the acute angle o 2 2 2 2 V_ V_
whose trigonometric | -, ¢ = 30° o =45° - o= 60°
function =| a |
e We put the angle ® | -~ 6 lies in the third -+ 0 lies in the first - 0 lies in the second
S drant that quadrant. quadrant. quadrant.
= deq“a ,raI; ah - 6=180° + 00 AB Ao . 0=180°— 0
i = 180° +30° or 0 lies in the fourth =180° - 60°
first step by using =210° quadrant =120°
one of the relations : | or 0 lies in the fourth | 0 =360 or 6 lies in the fourth
o _ quadrant. W TR quadrant
S - 0=360° 0 S IRy
180° + o = 360° — 30° 7 =360° - 60°
or 360° — o =330° =300°
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How to find all the trigonometric functions of an angle
given the value of one of its trigonometric functions

We can find the values of the trigonometric functions of an angle directly if we draw the angle

in its standard position and we draw the right-angled triangle that represents it by using the

value of the given trigonometric function concerning the signs according to the quadrant in
which the angle lies as follows :

In the 1% quadrant

o .
1

+

In the 2" quadrant | In the 3™ quadrant | In the 4 quadrant
For example :
[ -3 c0s 0= —- where tan B = = where i
sin ® = — where ) ® : 12 »
270° < 167< 360° o is the smallest positive B is the greatest positive
angle. angle 5 0° < § < 360°
" 270° < 6 < 360° "’ COS 0O, 1s negative - tan B is positive
.. 0 lies in the fourth -. o lies in the second or the | .. B lies in the first or the
quadrant. third quadrant third quadrant
» " oL is the smallest s " B is the greatest positive
positive angle. angle.
.. a lies in the second . B lies in the third quadrant
quadrant.
5
4
15 o B —12 B
13
=15 ~sina=4 sinfp=—2
cos 0 = 5 Sosino= 2 . sinBi= T
B L =15
:tane— 5 o stan o = 34 ). scos B = 5
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The properties of the sine function and the cosine function

(Properties of the sine function f : f (0) =sin 6

=370 ST T 3T =TT JU
N o T
N A N AT

0 The domain of the sine function is - o 5 oo
e * The maximum value of the function is 1 and it happens when 6 = % +2nTT>nEZ

* The minimum value of the function is — 1 and it happens when 6 = 3T  onm snEZ

2
9 The range of the function = [- 1 5 1]
@ The function is periodic and its period is 2 Tt (360°)
Vi )
[ Properties of the cosine function f : f (8) = cos 0
ﬁ
Y,

G

Ep o A e e
IS |

€ The domain of the cosine function is ] oo 5 oof
e * The maximum value of the function is 1 and it happens when 8 =+2nJT »n EZ

® The minimum value of the function is — 1 and it happens when 8 =TT +2 T n »n EZ
@ The range of the function = [- 1 5 1]

o The function is periodic and its period is 2 Tt (360°)
Neo ot .

Remark

Each of the two functions f : f () =asinb® 5 f: f () =acosb 0 is periodic s its period is

2| nl and its range is [- a » a] where a is positive.
b

For example : o f : f (8) =5 sin 6 its period is 2 7t and its range is [- 5 » 5]

e f: f(8)=3cos 7 @ its period is 2% and its range is [- 3 3]
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The similarity of polygons

Two polygons M, and M, (having the same number of sides) are said to be similar if the
following two conditions satisfied together :

o Their corresponding D ie.m(£LA)=m (LX)
angles are congruent. © »m (£ B)=m (£Y)
e (/"= (£ 7))
sm(£D)=m(£LL)
B A
. L . AB_BC _CD _DA
% O, — = = === K
© The lengths. of tl}elr b T
corresponding sides are
proportional.
X X

In this case > we say that :

® The polygon ABCD ~ the polygon XYZL »
that means the polygon ABCD is similar to the polygon XYZL
* K is the scale factor of similarity of the polygon ABCD to the polygon XYZL

il

K is the scale factor of similarity of the polygon XYZL to the polygon ABCD
Remarks

e On writing the similar polygons » write them according to the order of their corresponding
vertices.

e If each one of two polygons is similar to a third polygon » then the two polygons are similar.
e All regular polygons which have the same number of sides are similar

(All equilateral triangles are similar » all squares are similar » all regular pentagons are similar , ...)
e If K is the similarity ratio of polygon M, to polygon M, > and :

If K> 1 » then polygon M, is an enlargement of polygon M, » where K is called the
enlargement ratio.

If0 <K <1, then polygon M, is a shrinking to polygon M, > where K is called the
shrinking ratio.

IfK =1, then polygon M, is congruent to polygon M,

e The ratio between the perimeters of two similar polygons = the ratio between the lengths
of two corresponding sides of them.

T
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The similarity of triangles
Two triangles are similér
ST i

'

\/

_i First case |L

j| Second case l—

v

f
If two angles of one If the side lengths of two If an angle of one triangle
triangle are congruent to triangles are in proportion. | | is congruent to an angle
their corresponding angles of the other triangle and
of the other triangle. the lengths of the sides
including those angles are
in proportion. J
@ i ¢ ¢
B A B A B A
z z z
Y - Y 0.4 Y X
IfLA=/X If%:%:%{‘ I /A€ =7
CA _CB
»LB=LY > then A ABC ~ A XYZ X 7Y
»then AABC ~ A XYZ »then AABC ~ A XYZ
Remarks

® Two isosceles triangles are similar if the measure of an angle in one of them is equal to the
measure of the corresponding angle in the other triangle.

® Two right-angled triangles are similar if the measure of an acute angle in one of them is
equal to the measure of an acute angle in the other triangle.
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[ Corollary

In any right-angled triangle » the altitude to the hypotenuse separates the triangle into
two triangles which are similar to each other and to the original triangle.

In the opposite figure : A

If A ABC is a right-angled triangle at A and AD 1 BC /I\
s then ADBA ~ A DAC ~ A ABC and from this we can deduce that : d = 3
e (AB)’=BD x BC ¢ (AC)>’=CD x CB

e (AD)>=BD x DC e AD x BC=AB x AC

I The relation between the areas of two similar polygons

The ratio between the areas of the The ratio between the areas of the
surfaces of two similar triangles surfaces of two similar polygons equals
equals the square of the ratio between the square of the ratio between the

the lengths of any two corresponding lengths of any two corresponding sides
sides of the two triangles. of the two polygons.

The ratio of the areas of two triangles having a common base equals the ratio of the two
heights of the two triangles.

In the opposite figure : D
BC is a common base of AA ABC » DBC A
1
SEABE) - o s g ; :\
'a@DBO)” Tpcypy DY &

Notice that : It is not necessary that the two triangles are similar.

The ratio of the areas of two triangles having a common height equals the ratio of the
lengths of two bases of the two triangles.

In the opposite figure :
AX is a common height for AA ABC s ADE

>

1
LadABe) S iy iBe
e R Ve

[es]
o
<
Q
o]

Notice that : It is not necessary that the two triangles are similar.
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If a line is drawn parallel to one side of a triangle and inter;éEtS S
<the other two sides or the lines containing them s then : o

D — =

to the original triangle whose lengths are proportional

The resulting triangle is similarJ ’ It divides them into segmentﬂ

In each of the following figures :

C B E " 555 C B
If DE // BC and intersects AB and AC atD and E respectively » then :
e AADE ~ AABC
° % = % and from the properties of the proportion > we get :

AD_AE ~AB_AC
AB AC DB CE

If a straight line intersects two sides of a triangle and divides them into segments whose
lengths are proportional » then it is parallel to the third side of the triangle.

In each of the following figures :

A
D E
E D A
/\ A
C B
e i
C B E D C B
ifAD_AE 4 2 DE/BC
DB EC

(V2 )1 5/ & [ (Sl el it A1y ol ooty walse] 49



Geometry

Talis’ theorem

Given several coplanar parallel lines and two transversals » then the lengths of the
corresponding segments on the transversals are proportional.

M M M M

L A/ [A e 5 AXA
L: B\/ / L L; B‘/ \B

In the previous figures :

If L, II'L, /! L, 1Ly and M » M are two transversals

s then 25 = 55 = D _ AC

AB BC CD AC

Talis’ special theorem

If the lengths of the segments on the transversal are equal » then the lengths of the
segments on any other transversal will be also equal.

In the opposite figure : M M
L //Ly /I Ly// Ly > 25 Af \A
- ) B
M s M are two transversals to them L2 B/ %
L, .C ©
and if AB = BC = CD 1,0l Y
, then AB = BC = CD ¢ \

If the two lines M and M intersect at

the point A and BB // CC
s then AB _ AB\
AC AC S

and conversely if AB _ AB\ s then (lﬁi /I CC
AC AC
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Final Revision
The bisector of the interior or exterior angle of a triangle at any vertex divides the

opposite base of the triangle internally or externally into two parts » the ratio of their
lengths is equal to the ratio of the lengths of the other two sides of the triangle.

‘\\
\A \\A* \\\*\A
\\“ l‘\: —’—“__,—?’ ————— 1‘. E
\\4 \\ D ________________ C
C D B
AD bisects £ BAC internally.
. |BD _ AB
" |DC AC

B
-+ AD bisects Z BAC externally.
. |BD _ AB
_ “|bC T AC
a{AD =YABxAC-BD x DC

a(AD =VBD><DC—AB><1@

The interior and exterior bisectors

of the same angle of the triangle are
perpendicular.

The exterior bisector of the vertex angle
of an isosceles triangle is parallel to the
base.

\\
Lo
ie.If AD and AE are the bisectors of ie. IfAB=AC , AE bisects the
the angle A and the exterior angle of
AABCatA »then

exterior angle at A » then| AE // BC
The bisectors of angles of a triangle are concurrent.
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Geometry

[ Converse of the theorem

= E
A
C D B D © B
IfD EBC If D EBC ,DE& BC
such that : BD _BA such that : BD _BA

DC AC

» then E bisects £ BAC

@ DCAC
» then AD bisects the exterior angle of A ABC at A

[ Well known problem J Corollary

If AB s C_D are two chords

in a circle
»ABN CD = {E}

C A

then
EA xEB =EC x ED

52

If AB and CD are two If M is a point outside the

chords in a circle circle » MC touches the

,ABNCD = {E} circle at C » MB intersects
itat Aand B

E

then then
EA x EB = EC x ED (MC)? = MA x MB
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([ Converse of the well known problem and the corollary

Eionverse of the well known problea

If ABNCD={E},
AsB,CsDandE are

distinct points and
EA x EB =EC x ED

» then the points A , B ,
C and D lie on the same
circle.

The measure of an angle formed by
® two chords that intersect inside

a circle is equal to half the sum of the

measures of the intercepted arcs.

B

m (£ AEC) = 1 [m (AC) + m (BD)]

IfABNCD ={E} ,
A5B s C aDandEare

distinct points and
EA x EB = EC x ED

.

~ -

» then the points A » B
C and D lie on the same
circle.

@nverse of the corollaryj

IfEECB ,EEZBC »
and (EA)? = EB x EC

> then EA is a tangent
segment to the circle
which passes through the
points A » B and C

The measure of an angle formed

by two secants drawn from a point
outside a circle is equal to half the
positive difference of the measures of

the intercepted arcs.

(€

A\_/B 2

m(£E)= 1 [m (AC) - m (BD)]

53



Geometry

The measure of an angle formed by The measure of an angle formed by
® 2 secant and a tangent drawn from O o tangents drawn from a point

a point outside a circle is equal to outside a circle is equal to half the

half the positive difference of the positive difference of the measures of

measures of the intercepted arcs. the intercepted arcs.

A B
m(LA)=%[m(§;<E)—m(§5)]

Power of the point A with respect to the circle M in which » the length of its radius r is
the real number Py, (A) where Py, (A) = (AM)* - 1°

For example : In the opposite figure :
If A is a point outside the circle M
whose radius length equals 5 cm. »

where MA = 7 cm. 5 then Py (A) = 7% - 5% = 24

Py, (A) >0 > then —— A lies outside the circle M
If €£PM (A) =0 » then —— A lies on the circle M

Py (A) <0 5 then — A lies inside the circle M

If A lies outside the circle M » then : If A lies inside the circle M , then :

P,, (A) =AB x AC = AB x AC = (AD)? Py (A) =—AB x AC =-AB x AC
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